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AUTOMORPHIC COHOMOLOGY OF MUMFORD-TATE
DOMAINS
MOHAMMAD REZA RAHMATI
Abstract. In this note I expose automorphic cohomology of period domains. We
also discuss about semistability of Hodge bundles.
Introduction
Consider the period map of a variation of polarized Hodge structure
Φ : S → ΓZ\D
where S is a smooth base manifold and Γ is a discrete group. D is called a period
domain and it is simply known that it is a hermitian symmetric complex manifold.
There are naturally defined Hodge bundles F p of the Hodge structure on V , and also
the endomorphism bundle g = End(V ) on D corresponding to local systems
(1) V := Γ\(D × V), G := Γ\(D × g)
respectively. They are Hemitian vector bundles with GR-invariant Hermitian metric
given in each fiber by the polarization form. Over D we have V p,q = F p/F p+1, which
is a homogeneous vector bundles for the action of GR. The space of functions on D
can be identified with the ΓZ-automorphic functions on D.
A basic example of this is a variation V = V 1,0 ⊕ V 0,1 obtained from the middle
cohomology of an elliptic fibration of curves. In this case D = H is the upper half
plane, ΓZ = Sl2(Z) and the functions on the Hodge domain Sl2(Z)\H are the usual
modular forms, that are holomorphic functions on H satisfying;
(2) f(
aτ + b
cτ + d
) = (cτ + d)nf(τ)
Around a cusp one sets q = e2piiτ and expands in Laurent series f(q) =
∑
n anq
n.
The finiteness condition at the cusps are then an = 0 for n < 0. If we consider
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the Deligne extension V n,0e the the modular forms are sections of V
n,0
e → Γ\H that
extend to Hn,0e → Γ\H. A modular form is a cusp form if a0 = 0, i.e it vanishes at
the cusps. This condition is equivalent to
∫
Γ\H
‖ ψ ‖ dµ <∞, [2].
Let f, g be two cusp forms of weight n on H the upper half plane. By putting
(3) 〈f, g〉 =
∫
Γ\H
f(z)g(z)yn−2dxdy, x = Re(z), y = Im(z)
one obtains a Hermitian scalar product on the space of modular forms which is posi-
tive and non-degenerate, invariant by Γ = PSl2(Z). One can check that 〈T (k)f, g〉 =
〈f, T (k)g〉, where T (k) is the k-th Hecke operator defined by
(4) T (k).f = kn−1
ad=n∑
a≥0, 0≤b<d
d−nf(
az + b
d
)
A vector valued Ap,q-automorphic form f ∈ Ap,q(D, g) satisfies the following con-
dition;
(5) f(γ.z)γ′(z)pγ′(z)q = Ad(ρ)f(z), γ ∈ Γ
where ρ : π1 → Gl(V ) is the representation of the monodromy on the parameter
base space. Ap,q(D, g) is vector space of smooth C∞-forms on D with values in g.
The Peterson inner product between two modular forms on the upper half plane
can be naturally stated for the vector valued automorphic forms. The hyperbolic
metric descended from H defines the Hodge ∗-operator on V and G. The Hodge
inner product is
(6) 〈f, g〉 =
∫
H
f(z) ∧ ∗g(z)dxdy =
∫
Γ\H
tr(f(z) ∧ g(z)∗)yp+q−2dxdy
where f ∗ = f¯ t. In the case of usual automorphic functions the right hand side is
Peterson inner product (2). This may be regarded as a hermitian form induced from
the hyperbolic metric on the upper half plane, [5].
1. Moduli of Hodge structures
Let hp,q be the Hodge numbers of a Hodge structure
φ : U(R)→ Aut(VR)
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of weight n and period domain D with compact dual Dˇ. The group GR = Aut(VR, Q)
is a real simple Lie group that acts transitively on D. The isotropy group H of a
reference polarized Hodge structure (V,Q, φ) would be a compact subgroup of GR
that contains a compact maximal torus T . One has
(7) D = {φ : S1 → GR ; φ = g
−1φ0g}
It follows that H = Zφ0(GR), the centralizer of φ0(S
1). An easy exercise in linear
algebra shows
(8) H ∼=
{
U(h2m+1)× ...× U(hm+1,m) n = 2m+ 1
U(h2m)× ...× U(hm+1,m−1)×O(hm,m) n = 2m
The group GC is a complex simple Lie group that acts transitively on Dˇ. The
subgroup P that stabilizes a F •0 is a parabolic subgroup with H = GR ∩P . The case
n = 1 is classical and one knows that D = Hg the Siegel generalized upper half space
= {Z ∈Mg×g : Z =
t Z, Im(Z) > 0}.
The Lie algebra g of the simple Lie group GC is a Q-linear subspace of End(V ),
and the form Q induces on g a non-degenerate symmetric bilinear form
(9) B : g× g→ C
which upto scale is just the Cartan-Killing form tr(ad(x)ad(y)). For each point
φ ∈ D
(10) Adφ : U(R)→ Aut(gR, B)
is a Hodge structure of weight 0 on g. This Hodge structure is polarized by B.
Associated to each nilpotent transformation N ∈ g one defines a limit mixed
Hodge structure. The local system g → ∆∗ is then equipped with the monodromy
T = eadN and Hodge filtration defined with respect to the multi-valued basis of g by
elog(t)
N
2piiF •. It gives a limit MHS (g, F •,W (N)•). The polarizing form gives perfect
pairings
(11) Bk : Gr
W (N)
k g×Gr
W (N)
−k g→ Q, Bk(u, v) = B(v,N
kv)
defined via the hard Lefschetz isomorphism Nk : Gr
W (N)
−k g
∼= Gr
W (N)
k g, [2], [3].
Summing up with what we said in the introduction we obtain the following.
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Proposition 1.1. The Hodge polarization of the Hodge bundles V and G are given
by the Peterson Inner product as discussed in Sec (1). The Peterson inner product
induces the Cartan-Killing form B : g × g → C on the fibers of G, and also the
graded forms 〈., .〉k : PGr
W (N)
k g × PGr
W (N)
−k g → Q, 〈., .〉k := 〈l
ku, v〉 = 〈v, lkv〉
when the fibration is involved with the monodromy T = ead(N), where l is induced
from ad(N). Moreover the action of the Hecke operators induce self adjoint linear
transformations on g which can be identified as T (k) = lk. The vector space S of
complex automorphic forms (representations) with coefficients in a Hodge bundle on
a period (Mumford-Tate) domain has a mixed Hodge structure which is polarized by
the above form. (Riemann-Hodge bilinear relations for automorphic forms) Let the
primitive subspaces of S be defined by
Pl : ker(N
l+1) : GrWl S → Gr
W
−l−2S
Have a pure Hodge structure
Pl =
⊕
p+q=k+l
Sp,q
of weight k + l (for some k > 0) polarized by the bilinear form 〈., .〉l : Pl × Pl → C
induced by Peterson inner product and satisfies
• 〈ψ, η〉l = 0, ψ ∈ S
p,q, η ∈ Sr,s unless r = p, s = q.
• ∗ × 〈ψ,Cl.ψ〉l > 0 for any ψ 6= 0 in S
p,q, where C is the corresponding Weil
operator and ∗ is a complex constant.
Proof. The proof follows from the discussion in section (1) and (2) and the uniqueness
of the polarization form for mixed Hodge structures as well of the operators lk known
as mixed Hodge metric. 
2. Automorphic cohomology
We try to apply the above situation to the cohomology of period domains, where
the cohomology classes are automorphic forms. Let gC = gR⊗C = Lie(GR⊗C) be a
complex semi-simple Lie algebra, h = t⊗C a Cartan subalgebra, t = Lie(T ), and KC
a complex Lie group corresponding to the unique maximal compact subgroup K ⊂
GR. We denote U(gC) to be the universal enveloping algebra of gC. We assume the
action of KC will be locally finite, and its differential agrees with the corresponding
subspace of U(gC). One may match these data with the case D = GR/H is a general
Mumford-Tate domain siting in the diagram
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(12)
GR/T −−−→ GC/By y
D = GR/H −−−→ GC/P = Dˇ
with T a maximal torus, B a Borel subgroup, and horizontal arrows to be inclusions,
[2].
Definition 2.1. A Harish-Chandra (HC)-module M is a (gC, KC)-module that is
finite as U(gC)-module with an admissible KC-action.
We propose to show when the automorphic cohomology Hq(D,Lµ) of a period
domain gives a HC-module. LetH = U(hC). The Weyl groupW of (gC, hC) acts onH
and gives an isomorphism Z(gC) ∼= H
W , where the upper-index means the elements
fixed by W . For each µ ∈ h∗C the homomorphism χµ : Z(gC) → C, z 7→ z(µ) is
called an infinitesimal character. A result of Harish-Chandra says that any character
of Z(gC) is an infinitesimal character, and χµ = χµ′ iff µ = w(µ
′) for some w ∈ W .
Lets fix a set of positive roots Φ+ of (gC, hC). Note that we have
(13) gC = tC ⊕ n
+ ⊕ n−, n+ = ⊕α∈Φ+g
α
Any root µ ∈ Φ+ defines an integrable almost complex structure on GR/T as well as a
Borel subalgebra b = h⊕n− and a line bundle Lµ = GC×BC. The sections of a vector
bundle E = GR ×T E → D already defined by the representation r : T → Aut(E)
are E-valued functions f : GR → E such that the right action of T is given by
f(g.t) = r(t−1)f(g) where . Now take
(14) Eµ = Λ
qT 0,1
∗
D ⊗ Lµ
Identifying T 0,1s = n obtain A
0,q(D,Lµ) = (C
∞(GR) ⊗ Λ
qn∗ ⊗ Lµ)
T . We abbreviate
this by (C∞(GR) ⊗ Λ
qn∗)−µ. Summarizing the identifications of the complexes of
GR-modules we get
(15) A0,q((D,Lµ), ∂¯) = (C
∞(GR)⊗ Λ
qn∗), δ), Hq(D,Lµ) = H
q(n, C∞(GR))−µ
See [2] for details.
Theorem 2.2. [GS] Let ρ =
∑
α∈Φ+ α/2. If µ + ρ is singular, i.e. ∃α ∈ Φ, (µ +
ρ, α) = 0, then
Hk(D, E) = 0, ∀k
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If µ+ρ is nonsingular, then let ω be the element of the Weyl group that carries µ+ρ
into the highest Weyl chamber. Let l = ♯{α ∈ ∆+ | ω(α) is negative }. Then
Hk(D, E) =
{
0 k 6= l
Eω(µ+ρ)−ρ, k = l
If X = Γ\D, and F be the induced automorphic vector bundle on X from E , then
the corresponding automorphic cohomology satisfies
Hk(Y,F) =
{
0, k 6= α(π)
Cr, k = α(π)
where r = c(D)v(X) dim(Eω(µ+ρ)−ρ), the constant c(D) only depends to D, v(D) is
volume of the fundamental domain of Γ, and
α(π) = ♯{α ∈ ∆+ − Φ |(λ, α > 0}+ ♯{α ∈ ∆+ − Φ |(λ, α < 0}
It is well-known that the cohomology ring H∗(D, E) is generated by the chern classes
of Hodge bundles on D. Such a chern class can be written as a constant multiple of
ΘD = B ∧
t B¯ − C ∧t C¯
B =
∑
ρ,α∈∆v−Φ,(λ,α)>0
νρ ⊗ eαω
∗
ρ ⊗ ω
α
C =
∑
σ,α∈∆v−Φ,(λ,α)<0
νσ ⊗ eαω
∗
σ ⊗ ω
α
where B,C,B′, C ′ are matrices of (1, 0)-forms. eα, α ∈ ∆ are root vectors of G, ω
α
are dual roots, λ is the highest weight. ωρ is a basis for g which is an extension of a
basis on k, Φ is defined via the root decomposition of the subalgebra k = h⊕β∈Φ gβ .
Finally ω∗ρ is the dual basis and eαω
∗
ρ is the contragredient representation, [GS].
3. Hodge bundles and Parabolicity
Let X be a compact connected Riemann surface of genus g and ∅ 6= S ⊂ X a
divisor. A parabolic bundle E with parabolic divisor S consists of the data of a
filtration (quasi-parabolic condition)
(16) Es = Es,1 ⊃ ... ⊃ Es,ls ⊃ 0, ∀s ∈ S
and rational numbers
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(17) 0 ≤ α(s) < ... < αls < 1
called parabolic weights. Fix a positive integer r. The parabolic degree of E is
defined by
(18) Par-deg(E) = deg(E) +
∑
s∈S
∑
i
αi(s)(s) dim(Es,i/Es,i+1)
Then every sub-bundle of E is parabolic in a natural way. We call a parabolic
bundle semi-stable if the factor (par-deg/rank) is non-increasing when passing to
sub-bundles. In case this number is decreasing for every proper sub-bundles we call
the bundle stable. A Hermitian structure on a parabolic bundle E is a Hermitian
structure on E|XS with the extra condition that around each s ∈ S for any section
σ of E defined around s, if σ(s) is non-zero in Es,i, then
(19) ‖s‖ = f(z)|z|αi(s)
with positive real valued f . The definition of a parabolic bundles can be generalized
for the higher dimensional base. In this case the set S is a divisor. One may apply
this definition to the Hodge filtration on period domains, see the Proposition 2.2 of
this section.
Theorem 3.1. (Mehta-Seshadri) A parabolic bundle E of rank k and parabolic degree
0 is stable if and only if it is isomorphic to a bundle Eρ, where ρ : Γ → U(k) is an
irreducible unitary representation of the group Γ admissible with respect to the weights
and multiplicities of the parabolic structure of E. Moreover, parabolic bundles Eρ1
and Eρ2 are isomorphic if and only if the representations ρ1 and ρ2 are equivalent.
A unitary representation ρ : Γ → U(k) is called admissible with respect to a given
set of weights and multiplicities at S if for each i, we have ρ(Si) = UiDiU
−1
i , where
Si is a generator for the local monodromy at Pi ∈ S, with unitary Ui ∈ U(k) and
Di = exp(2πi.diag[α
i
1, ..., α
i
ri
]), where each αil = αl(Pi) is repeated k
i
l = kl(Pi) times.
Proposition 3.2. [5] The bundles VD := V ⊗ OD, GD := G ⊗ OD as well as the
Hodge bundles Fp are parabolic bundles over D.
The standard Hermitian metric in Ck defines a Γ-invariant metric on the trivial
vector bundle H ×Ck → H . It extends as a (pseudo)-metric to the bundle E = Eρ.
Explicitly, we choose σi ∈ Sl2(R) such that σi(∞) = xi and σ
−1
i Siσi =
(
1 ±1
0 1
)
,
and make the change of coordinates ζ = e2piiσ
−1
i
z at Pi ∈ Γ\H . Then the metric h is
given by a diagonal matrix (ζ2α
i
1, ..., ζ2α
i
ri ), [5].
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4. Hodge bundles and stability
Another question we are interested in is to study the variation of the (almost)
complex structure on the homogeneous space D. For this we make the following
general set up. Let G be a reductive Lie group defined over R and g := Lie(G) =
h⊕
⊕
α gα its root decomposition, with α ∈ R and T a maximal torus in GC. Also
consider V ⊂ G a closed Lie subgroup with
(20) v = Lie(VC) = h⊕
⊕
β∈∆
gβ
Any almost complex structure on G/V gives
J : gR/vR → gR/vR, J
2 = −id
J(θ(v).X) = θ(v).J(X), v ∈ V, X ∈ gR/vR,
where θ is the isotropy representation on V . The restriction of the isotropy represen-
tation θ to T is the adjoint representation giving (17). It follows that J leaves each
isotropycal gβ invariant, and reduces to multiplication by ±i on gβ , β ∈ R−∆. Set
(21) C := {α ∈ R−∆|J |gα = i. id}
A choice of G-invariant almost complex structure on G/V gives rise to such a C such
that α ∈ R−∆ implies only one of α or−α is in C. It is possible to choose a system of
positive roots R+ such that C ⊂ R+. In this case R+ is called the system of positive
roots adopted to invariant almost complex structure. This criteria generalizes to
arbitrary homogeneous vector bundles on G/V associated to a representation ρ :
V → Gl(H) on a vector space H . One can apply the above criteria to the system
of Hodge bundles on D or Dˇ and obtain a sequence of subsets Cp of the R adopted
to the whole filtration, Cp ⊂ Cp−1. The theorem states that this procedure is also
reversible. That is any choice of this adopted series provides complex structure on
each F p.
Proposition 4.1. [4] Let ρ : V → Gl(H) be an n-dimensional complex representa-
tion and E := G×V E the associated vector bundle on G/V . Then there exists a 1-1
correspondence between G-invariant almost complex structures on E and
HomJV (
⊕
α∈C gα, g
′) := {f | f ◦ J = −J ◦ J}
where g′ = gln(C), with a choice of C satisfying (18). Moreover such almost complex
structure, will be always a complex (holomorphic) structure.
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The proof of this theorem follows from a careful diagram chasing in the natural
split exact sequence of V -modules
(22) 0→ g′ → p = (g× g′)/hR → (g/v)R → 0
The G-invariant holomorphic structures then correspond to all possible extensions
of adρ : v → gl(H) to adρ : v
⊕
α∈C g−α → gl(H). In the case of Hodge bundles
the complex structures of the system of Hodge bundles correspond the nummber
successive extensions when you add the roots in Cp−1 \Cp at each step of the Hodge
filtration.
Theorem 4.2. [4] Let G be a reductive connected Lie group defined over R, and V
a closed subgroup such that G/V is an irreducible Hermitian symmetric space. Let
ρ be any irreducible representation of V . Then the associated homogeneous vector
bundle is stable.
Theorem 2.4 states that for any holomorphic subbundle L of F p we have
dim(L).c1(F
p)− dim(F p).c1(L) > 0
Applying this theorem to the situation of period domains we get,
Corollary 4.3. The bundles VD,GD as well as the Hodge bundles F
p are stable
vector bundles over D.
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